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We study the nature of the swirl dynamo (the appearance of rotation in primarily nonswirling flows)
that has been found in liquid conical menisci of electrosprays. A previous theory models the
phenomenon in terms of the conical similarity solutions of the Navier-Stokes equations and reveals the
appearance of swirling secondary regimes through the supercritical pitchfork bifurcation at threshold
Reynolds number Re,. The similarity solution can approximate a real flow only outside the vicinities of
the apex and the capillary rim, i.e., in some region r; <r <r,, where r is the distance from the cone apex.
The problem is how deviations from this solution at » =r; and r =r, influence the flow inside that region.
It is shown here that for Re <Re,, the deviations from the primary flow decrease far from both the
boundaries, but for Re > Rey, a swirl disturbance given at r =r, grows as r decreases until saturation at
the secondary similarity solution. The swirling regime is found to be stable with respect to these spatial-
ly developing, steady, rotationally symmetric disturbances in a wide range of Re. Thus, the swirl comes
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from a near-capillary region, but its cumulation inside the cone occurs only for Re > Re,.

PACS number(s): 47.15.—x, 47.20.Ky, 66.60.+a

I. INTRODUCTION

The generation nature of strong vortices—from the
bathtub vortex to astrophysical swirling jets—is not ab-
solutely clear yet. Recently, the appearance of intense
swirls has been observed in the so called Zeleny-Taylor
cones related to electrosprays. Zeleny [1] found that a
meniscus of a conducting liquid at the exit of a capillary
tube takes a conical shape when the tube is charged to a
sufficiently high potential. Taylor [2] explained that this
shape is due to a balance between the electrical pressure
and surface tension forces when the liquid is at rest. In a
small vicinity of the cone apex, destruction of the liquid
surface takes place and a thin jet or spray erupts; the jet
diameter may be 10° and more times less than the inner
diameter of the capillary tube [3]. This phenomenon has
drawn the attention of many researchers because of a
wide and rapidly growing area of electrospray applica-
tions. As a result, striking new features have been re-
vealed. In contrast to earlier conjectures that the flow in-
side the cone is always unidirectional—from the capil-
lary to the cone apex, experiments have revealed a circu-
latory meridional motion [4]. This circulation is driven
by surface shear stresses induced by the electric field
since the liquid surface is not exactly equipotential.
Moreover, there are observations of swirl appearance in-
side the menisci, and the rotation can be rather strong [5]
(see also the photographs in this paper).

To model this phenomenon, a theoretical approach has
been developed [6] using the conical similarity solutions
of the Navier-Stokes equations. The supercritical pitch-
fork bifurcation of a secondary self-swirling regime has
been found at a moderate intensity of the primary pure
meridional motion. The similarity relation for the driving
stresses, 7~ 1/r2, is an approximation of a real distribu-
tion. Justification and limitations of this approximation
are discussed in detail in [S]. The similarity model drasti-
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cally eases the analysis but retains the effect of unforced
generation of swirl observed in the experiment. What is
the origin of the angular momentum corresponding to
this bifurcation? Some alternative conjectures have been
made in [5,6], and the aim of our paper is to illuminate
this problem. For this we study the spatial stability of
the similarity solutions.

In the similarity class, all velocity components are in-
versely proportional to distance r from the coordinate
origin, positioned here at the cone apex. Due to the
singularity, the similarity solution cannot be applied in
some vicinity, r <r;, of the apex. Also the no-slip condi-
tion at the wall and the cylindrical geometry of the capil-
lary tube are incompatible with the conical similarity.
Therefore, one may use the similarity solution only in the
range, r; <r <r, where r, is smaller than the distance of
the capillary rim from the apex. One more condition for
this similarity—r, /r; >>1—is often fulfilled in Zeleny-
Taylor cones, as we mentioned above.

Since some deviations from the similarity solution are
unavoidable at » =r; and »=r,, the question arises as to
how these deviations influence the flow inside the range.
They can decay far from the boundaries or amplify and
totally destroy the similarity. Therefore, a study of the
sensitivity to these deviations is needed to determine
whether or not similarity solutions are able to approxi-
mate real flows. If the answer is positive, the analysis
provides estimations of the Reynolds number diapason
where the solutions are valid and of what occurs at the
diapason ends. Here we restrict ourselves to rotationally
symmetric disturbances because this appears to be
sufficient to understand the nature of the swirl bifurca-
tion.

II. PROBLEM FORMULATION

We consider flows of a viscous incompressible fluid ad-
mitting the representation
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v,=vr Wu(x,&), ve=v(rsinf) y(x,£),
vg=w(rsind)"'['(x,§), p=p, +pv’r *q(x,£),
E=In(r/ry), x=cosb , (1)

where v,, vy, and v ¢ are the velocity components in the
spherical coordinates (7,0,¢); r is the distance from the
origin; 0 and ¢ are the polar and azimuthal angles (Fig.
1); p, p, and v are pressure, density and kinematic viscosi-
ty; 7 is a length scale to make the argument of the loga-

rithm dimensionless.
Substitution of (1) in the Navier-Stokes equations
reduces them to the system

(1=x2)u =(2x —phu, —uge—ug+tuu;—u’
—2g+q,—(y*+T?)/(1—x?),
(1=x*)T, =ul;—yT, +T; T,
(l—xz)qx=(1——x2)(ux—ux§)+uy§—yu§——yu
+ye—ye—x(yp*+TH)/(1-x2),
yi=utug, 2

for dimensionless functions u, y, T', and ¢, where indices
denote differentiation with respect to the corresponding
variables.

The conical boundary of the liquid meniscus, x =x_, is
considered impermeable and acted on by the given sur-
face stresses,

Tor =pv2(rzsin6)—l[y§—2y —(1—x2)u,]
and
Tos=—pv3(rsing) "*[(1—x?)I, +2xT]=0,

that yield the boundary conditions

FIG. 1.
shear stresses are shown.

Schematic of the problem. The coordinates and

y=0, (1—x),+2xT'=0, (1—x2)'"2y, =Re,

at x=x,. (3)

Dimensionless parameter Re.= —r27,, /(pv?) character-
izes the intensity of the surface forcing and is a kind of
Reynolds number. The minus sign is used to make Re_
positive when 7, is directed toward the origin (this direc-
tion is relevant in the context of this paper). The condi-
tions at the symmetry axis,

y=0, =0, 2ux—ugg—u§+uu§—u2—2q+q§=0
atx=1, (4

follow from (1), (2), and the requirement of velocity
boundness. The above formulation is a generalization of
that made in [6] for u, y, I, and g depending on two vari-
ables, x and §&.

III. LINEAR STABILITY PROBLEM

Problem (2)-(4) has solutions independent of &, i.e.,
self-similar, that have been reported in [5,6] and are re-
ferred to here as basic. To study the spatial stability of
the basic solutions with respect to small disturbances, we
look for solutions of the form

u=uy(x)+tuy(x)explaf) ,

Y =yp(x)+y,(x)explag) ,
'=T,(x)+T;(x)exp(af),

q =q,(x)+q,(x)explaf) , (5)

where subscripts b and d denote the basic and distur-
bance parts. The normal (exponential) form of the
infinitesimal disturbances is adequate because the
coefficients in (2)-(4) do not depend on £. Substituting (5)
into (2) and neglecting nonlinear terms with respect to
the disturbances, we get

(1—xHuy=2x =y uj+(a—2)u, —(a+a®)]u,
—upygtla—2)g;~w ,
(1—x)T=(au,+a—a*)T;—y,T;—Tiys ,
(1—x2)g,=(1—x3)(1—a)u,
+(1—a)a—uy)y;—(1+a)y,u;—xw ,
yi=(14+a)uy; , w=2y,y;+T,T;)/(1—x%), (6)

where the prime means differentiation with respect to x.
The boundary conditions for the disturbances follow
from (3)-(5) and are

y4=0, (1—xH)I,+2xT,;=0, u,=0at x =x, ,

y4=0, T;=0, 2uj—[a+a’—(a—2)u,lu,
+(a—2)g;=0atx=1. (7)

The perturbed shear stresses are zero at the liquid surface
because Re, is not subject to disturbances. Problem
(6),(7) has the trivial (zero) solution and we need to find
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eigenvalues of a for nontrivial solutions to exist. We will
see that there are eigensolutions corresponding to both
the positive and negative a,; subscript » denotes here the
real part of a complex a. To ascertain the physical mean-
ing of the eigenmodes, we consider first the stability of
fluid at rest.

IV. STABILITY OF THE EQUILIBRIUM

For motionless fluid we expect any disturbances to de-
cay. First, we consider disturbances given at » =r, inside
the cone (see Fig. 1). We will study the disturbance prop-
agation in regions r >r, and r <r, to classify what
modes are relevant for these outer and inner problems.

When I'y=u, =y, =0, the equations for the swirl dis-
turbance,

(1—x2)Ty=(a—a’ly, , (8)
and the meridional motion disturbance,
(1—x®u)=2xuj—(a+a®)uy;+(a—2)q, ,
(1—x2)g;=(1—x>)(1—a)u;+(1—a)ay, ,
ye=+auy , 9)

are decoupled. Since the boundary conditions (7) are also
decoupled, one can treat these disturbances separately.
Equation (8) can be rewritten in the form

[(1—x)T,+2xT, ) +(a+1)a—2)L;=0.  (10)

Integration of (10) from x =x_, to x =1, together with (7),
yields

(a+1)a—2) [ Tydx =0 (11

The eigensolutions I'(x) can be expressed in terms of the
Legendre function (the Legendre polynomials for
0.=m/2 and 6, =, when all eigenvalues of « are integer
numbers). The spectrum of a is symmetric with respect
to a=1 and real. As 6, decreases, |a| increases with the
two following exceptions.

There are two special eigenvalues: (i) a=—1 and (ii)
a=2 corresponding to I'; =C(1—x?), where C is a con-
stant. These solutions are universal with respect to the
cone angle and are also valid for an unbounded fluid, i.e.,
at 6, =. Solution (i) provides the main term of a far field
asymptotic expansion for the azimuthal velocity as
r— oo . This term corresponds to the conservation law of
the angular momentum for the flow in the region » >r.
Solution (ii) provides the main term of a power-law ex-
pansion near r =0 for a flow inside the sphere r =r; and
corresponds to the solid-body rotation at r <<r.

Now we consider a flow inside region r;<r<r,,
r,/r;>>1 (see Fig. 2) and, based on the above analysis,
assume that (i) relates to the disturbance given at r =r;
and decaying most weakly as r increases, while (ii) relates
to the disturbance given at r =r, and decaying most
weakly as r decreases. For other eigenmodes, the net cir-
culation (i.e., the integral angular momentum) is zero as
follows from (11).

Solutions of (9) can again be expressed in terms of the

similarity region

FIG. 2. Schematic of the similarity region.

Legendre function (the Legendre polynomials for
0,=m/2 and 6, =), and the corresponding spectrum of
a is also symmetric with respect to a=1 and real. The
disturbances of the meridional motion are classified in the
same way as the swirl disturbances; they are found to be
less important in the context of this paper.

Thus, a general solution for a velocity field in r; <r <7,
induced by disturbances given at the boundaries can be
represented as =, +3, where =, is a superposition of the
modes with a <0 and provides a contribution of distur-
bances given at the inner boundary r =r;, while 2, is a
superposition of the modes with a >0 and provides a con-
tribution of disturbances given at the outer boundary
r=r,.

V. INSTABILITY OF THE PRIMARY REGIME

Now we will study the dependence on Re, of a few
main eigenvalues for the primary nonswirling flow. The
first change of «, sign at Re_.=Re_,, as Re_ increases, is
interpreted here as instability. When da,/d Re >0 at
Re.=Re,,, the instability relates to the disturbances
coming from » =r;; when da,/d Re <0 at Re,=Re_,,
the growing disturbance comes from the outer boundary.
Since ', =0, again the equations for the swirl distur-
bance,

(1—x2)Ty=(au, +a—a*)Ty—y, Ty , (12)
and for the meridional motion disturbance,
(1—xPuf =2x =y, uj+[(a—2)u, —(a+a?)Ju,
—upy,Ha—2)g,—w,
(1—=x?)g;=(1—x*)(1—a)u,
+(1l—ala—uyly;—(1+aly,u; —xw ,

yi=(4+a)uy , w=2p,y,/(1—x?%), (13)
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can be treated separately.
At a= —1, integration of (12) yields
(1—x2)T,+(2x +y, ) T;=0 . (14)

[The integration constant must be zero to satisfy the con-
dition ';(1)=0.] The boundary condition at the surface
is fulfilled for any solution of (14) because y,(x.)=0. Ap-
plying the normalization, I';(x.)=1, we get the integral
form of the solution

Ty=exp{— [ [(2x +y,)/(1—x))]dx} .

Therefore, a= —1 is the eigenvalue for any Re_and x,.
This mode has the same physical meaning with respect to
the angular momentum conservation as defined in case (i)
of the preceding section. All other swirl disturbances
given at r =r; decay faster as r increases, and asymptoti-
cally v, decays like r ~2, Thus no instability relates to the
swirl disturbances coming from the inner boundary.

However, the situation is different for the swirl distur-
bances coming from the outer boundary. Except for the
above analytical solutions, the problem has been solved
numerically. Figure 3 shows the results for the two main
positive (curves 1o and 20) and negative (curves 1i and 2i)
eigenvalues. At the abscissa we use Re= —rv,. /v, where
v,. is the radial velocity at the surface. This Reynolds
number can be found after the problem of the basic flow
is solved. For the primary regime, there is the explicit re-
lation Re=1Re [(1—x.)/(1+x,)]"/2

Our main result is that curve lo passes line a=0 at
Re=Re, =6.3, which exactly corresponds to the bifurca-
tion value obtained in [5]. This means that the bifurca-
tion of the self-swirling regime occurs due to the instabili-

10

FIG. 3. Dependence of spatial growth rate a on the Rey-

nolds number Re for swirl disturbances of the primary regime.
6.=45".

ty of the primary flow under a disturbance coming from
the outer boundary. For supercritical Re, curve lo ap-
proaches, but does not touch, line 1i (i.e., a= —1); a de-
creases along curve lo up to its minimum value, which is
very close to, but larger than, —1 and then increases to-
gether with Re. When Re approaches Re*=31.6, where
the collapse of the primary solution occurs [S-7], a tends
to a*=—0.5 along curve lo. The fact that a*+0 means
that the growing mode has no tendency to become local-
ized near the axis. :

Other swirling modes do not relate to any bifurcation
up to Re=Re*. The same is valid for the meridional
motion disturbances (see Fig. 4). The most weakly decay-
ing mode of the disturbances coming from the inner
boundary relates to curve 1i in Fig. 4. Although « in-
creases, approaching zero as Re—Re*, it does not
change its sign inside the interval (0,Re*). The corre-
sponding eigenmode becomes localized near the axis, i.e.,
this is a disturbance of the near-axis jet. The tendency of
this eigenvalue to become zero at Re=Re* is related to
the viscous nature of this mode and to the fact that the
local Reynolds number, based on the axial velocity, tends
to infinity as Re— Re*.

The eigenvalues for other modes presented in Fig. 4 do
not remain real in this range of Re. As Re increases, first
curves 2i and 3/ merge at Re=5.7 and then a complex
conjugated pair of eigenvalues appears at Re>5.7. The
real and imaginary parts of a are shown in Fig. 4 by
dashed curves 2ir and 2ii, respectively. At Re=7.1,
curves lo and 20 merge and one more complex conjugat-
ed pair appears; the real and imaginary parts of a are
shown in Fig. 4 by curves lor and loi, respectively. At
Re=10.4, the two complex conjugated eigenvalues for
the inner modes corresponding to curves 2ir and 2ii
merge and these eigenvalues become again real at
Re>10.4 (see curves 2i and 3/ in Fig. 4). We see that

- 3i

3i

-75

0 10 20 30
Re

FIG. 4. The same as in Fig. 3, but for disturbances of the
meridional motion.
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there are rather sophisticated transformations of the
spectrum as Re increases; however, this does not relate to
any new bifurcation.

Thus there is a single mode of the swirl disturbance
given at the outer boundary, r =r_, that can be related to
accumulation of the angular momentum near the apex
when Re>Re,. Now we shall study the nonlinear devel-
opment of swirl as r decreases at Re slightly larger than
Re,.

VI. WEAKLY NONLINEAR EVOLUTION

In the supercritical vicinity of Re=Re,, the weakly
nonlinear stability theory [8,9] can be used to study the
spatial evolution (as r decreases) of the growing mode up
to its saturation at the secondary regime. Note that for
the spatial instability of the planar conical flows, this
theory is applied in [10,11], and there the growing distur-
bances develop from the origin as r increases, i.e., in the
opposite direction to that in this case. We use the small
parameter €, Re,=Re,, +¢&2, and the expansion for the
swirl,

F=e AT (x)+e2A4,(n)T4p(x)+ -+, n=—¢%,
(15)

where I';(x) is the eigenfunction for the neutral mode of
the linear problem at Re=Re,. The expansion for the
meridional motion disturbance starts from the quadratic
term with respect to €, and the standard procedure
[8—-11] deduces [with the help of (2) and (15)] the Landau
equation

dA/dn=y A(1—A%/A}), A0)=4,, (16)
y=—da/d Re_ at Re=Re, . .

— )
0 100 200 300
Re,

FIG. 5. Dependence of the radial velocity- (Re) and circula-
tion (I';) on the surface shear stresses (Re,) for the similarity
stable (solid lines) and unstable (dashed lines) solutions.
6, =45".

Its solution, A=A, A exp(yn) A2— A2
+ A2 exp(2yn)]~!/2, describes the whole nonlinear tran-
sition from the primary to the secondary similarity solu-
tion. The saturation amplitude A4, can be found from the
solvability requirement for the circulation equation
governing the terms of O(e®). However, for this prob-
lem, it is easier to find 4, from the numerical calcula-
tions of the secondary similarity solution in the supercrit-
ical vicinity of Re=Re,, which with the help of (15) and
the normalization T';(x,)=1, gives A4;=1.5. Figure 5
shows the dependencies of Re and I', =I'(x.) on Re, for
a rather wide supercritical range. The meridional motion
is slower in the secondary regime than in the primary one
for the same forcing (compare the solid and dashed lines
in Fig. 5). This is due to the fact that some part of the
kinetic energy of the meridional motion is transformed
into rotational kinetic energy in the swirling regime.

VII. STABILITY OF THE SECONDARY REGIME

Considering the supercritical vicinity of Re=Re,, we
found that the instability of the primary similarity solu-
tion is related to the transition process that is established
at the secondary similarity solution. In particular, this
means that the secondary regime is stable. To check if
this is also valid in some range of Re outside this vicinity,
we need to solve the problem (6),(7) using the swirling re-
gime as the basic solution. Since I',70, the swirl and
meridional disturbances are coupled now. To find the
spectrum, we apply the following numerical procedure.
Equations for the basic and disturbance solutions are in-
tegrated simultaneously from x =1 to x =x,. To form
the complete initial data at x =1, we choose some tenta-
tive values for the variables not specified at x =1. Then
the tentative values are corrected by shooting to satisfy
the boundary conditions at x =x_.. We use I',(1) as a free
parameter and start from I';(1)=0 at Re=Re,, where
the primary and secondary basic solutions coincide and,
therefore, their disturbance spectra coincide, too. Then
we gradually increase T',(1) using the tentative values
found for the previous parameter value as initial data for
the shooting procedure. The (Newton) shooting pro-
cedure converged for a small enough step of the parame-
ter.

Figure 6 shows the calculated results. Real eigenvalues
of a correspond to the solid curves and «a, of the complex
eigenvalues correspond to the dashed lines. For Re <Re,,
the spectrum of the primary solution that is inherited by
the secondary solution at Re=Re, is shown, where all
curves have jumps in their slope. Curve lo correspond-
ing to the main eigenvalue is reflected from the line a, =0
for the secondary solution. None of the curves passes the
line a, =0 in Fig. 6, meaning that the self-swirling regime
is stable with respect to this class of disturbances in this
range of Re. The problem of the swirling regime stability
with respect to more general, say, unsteady, three-
dimensional, disturbances remains unresolved; however,
we believe that there is a stability range of Re, because
steady rotationally symmetric regimes are observed in ex-
periments.
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FIG. 6. The spatial stability spectrum for the secondary self-
swirling solution. 6, =45°.

VIII. OBSERVATION OF SWIRL IN TAYLOR CONES

To obtain the photographs given in Fig. 7 we have
used the experimental setup typical for electrospray ex-
periment. Usually the electroatomization technique con-
sists of the slow injection of a liquid through a
capillary—an electrified needle. For certain ranges of the
applied voltage and liquid flow rate, one can find a special
steady regime—the so called cone-jet mode [12]. In this
regime, the liquid is emitted as an extremely thin charged
jet from the vertex of an almost conical meniscus. Then
the jet breaks up into a fine spray of droplets.

The experimental setup is sketched in Fig. 8. Pressur-
ized air drives the liquid in reservoir A4 (a few cm? dispos-
able syringe) through a narrow insulating Teflon tube B
having a 0.32 mm inner diameter and a length ranging
from a few to 20 meters. The tube ends up at a capillary
needle C (of 1 mm inner diameter) charged at an electri-
cal potential of a few kV relative to a flat ground elec-
trode D. This electrode is positioned 2.5 cm from and
perpendicular to the needle. Needle C and the liquid sur-
face in reservoir A4 are kept at the same height to ease the
flow rate measurements. Liquid flow rate Q is controlled
by pressure in the reservoir, and voltage V is provided by
a Bertan 250-10R High Voltage Power Supply E.

To have the relation, Q =aAp, the pressure drop Ap
across the feeding line must be much larger than the pres-
sure jump at the meniscus interface (that is of order y /d;

v is the surface tension and d is the needle diameter).
Constant a is found from calibration measurements of Q
and Ap. Q is measured by introducing an air bubble in
the feeding line and timing its path, Ap is measured with
a mercury manometer. Once a is calculated, the mea-
sured Ap directly yields Q.

The liquid in our experiments is ethanol or heptane
doped with small amounts of an antistatic additive (Stadis
450, Du Pont) to enhance its electrical conductivity by
several orders of magnitude without significantly chang-
ing other physical properties (such as surface tension,
dielectric constant, and density). Very small droplets of
milk and/or air bubbles are used as trace particles. A
Nikkon Stereoscopic Microscope SM7-2T with a photo-
graphic tube has been used to make the photographs of
the conical meniscus. The illumination of the meniscus is
provided by two 50 W halogen lamps.

The liquid motion patterns in the meniscus are shown
for heptane flow rate Q =5.5X1071° m3/s, V' =5.4 kV
[Fig. 7(a)] and nearly the same values for Fig. 7(b);
0 =9X%10"1" m3/s, ¥=5.2 kV [Fig. 7(c)]; and ethanol
flow rate Q =3 X107 m3/s, ¥ =5.5 kV [Fig. 7(d)]. Itis
clear from the photographs that swirl increases from Fig.
7(a) to Fig. 7(d): swirl is practically absent in Fig. 7(a); the
spiral trajectory of a bubble in Fig. 7(b) obviously shows
the superposition of the meridional circulation and swirl;
the bubble tracks nearly normal to the boundary of the
cone projection show a rather strong swirl in Fig. 7(c);
and, finally, swirl is so strong in Fig. 7(d) that the vicinity
of the cone vertex seems twisted. Thus, the experiment
supports the theoretical result that the critical Reynolds
number exists separating nonswirling and swirling steady
flow regimes.

IX. DISCUSSION

A. Elementary mechanism of the instability

We have found that bifurcation in the conical similari-
ty solutions of the Navier-Stokes equations leading to ap-
pearance of rotation in the primarily nonswirling flows is
related to instability with respect to swirl disturbances
propagating from the outer boundary of the similarity re-
gion. The instability occurs when the Reynolds number
Re characterizing the intensity of the meridional motion
exceeds a critical value Re,,.

Figure 9 illustrates this situation. Let us suppose that
at some distance r =r, from the apex of the canonical
meniscus, say, near the capillary rim, a swirling distur-
bance is given and characterized by I',,, representing a
circulation value at the liquid surface. When the meri-
dional motion is very slow, i.e., Re<<Re,, the angular
momentum propagates inside the cone mainly due to
diffusion up to saturation at the solid-body-rotation type
of circulation distribution, I',=T,,(r/r,)?, shown by
curve 1 in Fig. 9. In this case, the angular velocity is
nearly uniform inside the cone and equals its value at
r=r,.

However, when Re> Re,, convection plays an impor-
tant role in the mechanism of swirl transport. If one
neglects diffusion, then the angular momentum of a liquid
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(b)

(d)

FIG. 7. Photographs of the nonswirling (a) and swirling (b)—-(d) regimes in a Taylor cone.
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FIG. 8. Schematic of the experimental setup.

particle is conserved when the particle moves to the apex
along the surface and, therefore, circulation would be
constant along the trajectory. Due to the circulatory
character of the meridional motion, the particle turns
and moves from the apex along the axis. If again its cir-
culation remains constant, then the azimuthal velocity of
the particle becomes very large because the distance from
the axis is small. Since the azimuthal velocity must be
zero to the axis, a huge gradient of the angular momen-
tum in the meridional direction is generated. This means
that viscous diffusion of the angular momentum from the
axis to the surface cannot be ignored even when Re >>1.
Thus, the mutual action of convection and diffusion in-
duces the normal-to-streamline transfer of the angular
momentum, increasing circulation of near-surface parti-
cles. For Re <Re,, this increase is not sufficient to com-
pensate for the loss of circulation due to the viscous
diffusion along streamlines. At Re=Re,, there is a bal-
ance of increase and loss, so the particle conserves is cir-
culation when it moves from the rim to the apex. For
Re>Re,, the normal transfer dominates, increases circu-
lation of the particle beyond the conservation value, and
provides the positive feedback needed for the instability.
In other words, due to viscous diffusion from the axis, a
part of the angular momentum (that fluid transports from
the near-capillary region) does not return with the fluid

rcs

r

FIG. 9. Distribution of circulation at the surface I', at dis-
tance r from the cone apex for Re <<Rey (curve 1) and for
Re > Re, (curve 2). T, represents circulation near the capillary
rim, ', the self-similar value of T'..

flow and, therefore, the angular momentum accumulates
inside the cone. Curve 2 in the vicinity of » =r, in Fig. 9
shows this growth of circulation due to the instability as
decreases.

The nonlinear saturation of circulation occurs due to
the fact that the growth of the meridional transfer is less
than the growth of the radial one when I, is large and in-
creases. The reason is that the meridional motion be-
comes relatively weaker, spending its energy to increase
rotation (see Fig. 5). As a result, when circulation be-
comes great enough, the diffusion fluxes in the meridional
and radial directions again reach balance and circulation
is established, i.e., becomes independent of », which cor-
responds to the secondary similarity solution (see the
middle part of curve 2 in Fig. 9 where I', =T, T is the
similarity value). In the vicinity » <r; of the cone apex,
the similarity solution cannot be applied because there is
a stagnation point. Since the meridional motion becomes
slow in this vicinity, solid-body rotation is expected (see
curve 2 in the vicinity » =0 in Fig. 9).

It is worth emphasizing that the saturation value of
circulation (I';;) does not depend on the disturbance am-
plitude I, at r =r,. In this sense, the secondary similar-
ity solution is self-swirling but not forced. The forcing at
r =r, serves just as a trigger for the instability process.

B. Analogy with the axisymmetric hydromagnetic dynamo

For the same conical similarity class, the axisymmetric
hydromagnetic dynamo (AHD) i.e., appearance of the
magnetic induction through a bifurcation in the primari-
ly nonmagnetic flow of viscous incompressible electrically
conducting fluid, has been found [13-15]. Although
AHD does not contradict Cowling’s and Braginsky’s “an-
tidynamo” theorems, since the theorem conditions are
not fulfilled, nevertheless AHD is not related to local gen-
eration of the magnetic field but to a special exchange
with a weak outer source of induction. Based on the
above results, we can assume that the instability mecha-
nism for AHD is similar to that for the swirl dynamo.
For both these cases, one needs the circulatory meridion-
al motion with an inflow near a conical surface and an
outflow near the axis. Also, diffusion in the normal-to-
axis direction plays a crucial role, but the diffusion is
magnetic in the AHD case. The induction accumulation
is not due to a simple mechanical transport of magnetic
lines to the origin by the converging flow, but induction
grows beyond its conservation value due to the instability
mechanism that is similar to the swirl dynamo case.

C. Comparison with the swirl bifurcation
in Karman’s similarity class

Appearance of swirl due to bifurcation was also found
for the steady viscous flows between porous and im-
permeable disks [16]. Uniform suction through the
porous disk induces radial inflow to the symmetry axis
and there is a similarity solution of Karman’s class (the
normal velocity depends on the normal coordinate only,
but the other components are proportional to the dis-
tance from the axis s in Karman’s class). At some Re, a
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secondary swirling regime appears in addition to the pri-
mary nonswirling solution. The secondary regime is also
self-similar, with the solid-body-type dependence of the
azimuthal velocity on s. Experiments with a forced rota-
tion at the disk rim show that circulation decays faster
than s? as s decreases for Re <Re,, but there is a near-
axis region where circulation is proportional to s for
Re>Re, [16].

Although the value of the angular velocity in the simi-
larity region also does not depend on its value at the disk
rim, the physical nature of bifurcation in Karman’s class
is quite different from that in our problem. The problem
is that there is no accumulation of circulation between
the disks. If one ignores the viscous transfer, then circu-
lation transported by the inflow would be constant along
streamlines and equal to its ambient value. Viscous losses
of the angular momentum at the walls due to the no-slip
condition, together with diffusion in the radial direction,
can only decrease circulation downstream. This decrease
is very fast for Re <<Re, but the solid-body rotation is
established in the secondary regime for Re > Re, as con-
vection compensates for viscous diffusion in the normal
direction. When circulation at the rim is larger than the

similarity value, then it decreases with s faster than ~s?2

until it reaches the similarity value. When circulation at
the rim is less than the similarity value, then it decreases
more slowly than ~s? until it reaches the similarity
value. Therefore, circulation always decreases down-
stream in the flow between the disks while circulation in-
creases due to the instability in our case.

X. CONCLUSION

Our stability analysis reveals the nature of the appear:
ance of the self-swirling regime in Taylor cones. The
source of swirl is positioned in the near-capillary region
and for small Re induces the solid-body-type rotation in
the meniscus. However, when Re exceeds its critical
value, the angular momentum accumulates inside the
cone up to its value corresponding to the secondary simi-
larity solution. This saturation value does not depend on
and can be drastically larger than the near-capillary cir-
culation. The accumulation is due to the circulatory
character of the meridional motion converging toward
the apex near the surface and to viscous diffusion of the
angular momentum from the cone axis.
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FIG. 7. Photographs of the nonswirling (a) and swirling (b)-(d) regimes in a Taylor cone.



